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Abstract. The influence of higher order - stringly inspired - curvature corrections to the classical
General Relativity spherically symmetric solution is studied. These curvature corrections provide
a singular contribution to the eld equations because they generate higher derivatives of metric
functions multiplied by a small parameter (the string coupling constant). Analytically and
numerically, it is shown that in both Bosonic and Heterotic string gravity, the Schwarzschild
solution is not recovered when the string coupling constant vanishes. It seems that only
Superstring II low energy model does not induce any singular contribution in spherically
symmetric static space times.
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1. Introduction
The idea of higher order corrections to the Lagrangian of considered system became a
rather common approach in modern theoretical physics. Sometimes, these additional
corrections with higher order derivatives can drastically modify - through a singular
contribution - the solutions of the corresponding Euler-Lagrange equations. This
singular contribution does not disappear, even when higher order corrections vanish.
This fact can be illustrated with a simple example. Let us consider the following
Lagrangian: ~L = L( _q) + ε2 l(q¨), where L( _q) = _q2/2 and l(q¨) = (−1)k q¨2/2, k = 1, 2.
Corresponding Euler-Lagrange equations are: q¨ − (−1)k ε2 q(4) = 0. Let the initial
conditions be q(0) = qo, _q(0) = vo, q¨(0) = 0, q
(3)(0) = δq. As a result, one obtains
two types of solutions. When k = 1 it has the form q = qo + vot − δq ε3 sin(t/ε) and
tends to the nonperturbed solution q = qo + vot when ε ! 0. When k = 2 it looks like
q = qo + vot + δq ε
3 sh(t/ε) and has a singular contribution even when ε ! 0.
2In the perturbational approach, the four dimensional (4d) eective | string inspired
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where R is the Ricci scalar, φ is a dilatonic eld, λ is a string coupling constant
(an expansion parameter) and li, i = 2, 3, . . . are higher order curvature corrections.
In this paper we restrict our consideration to models where higher order curvature
corrections are made of Riemannian tensor R products. Such type of models are
widely discussed now from dierent aspects [2]. This study focuses on asymptotically
flat spherically symmetric static black hole solutions. The most convenient choice of
four dimensional metric is therefore
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The solution of corresponding nonperturbed eld equations is the wellknown
Schwarzschild one
 = 0(r) = 1− 2M
r
,
σ = σ0(r) = 1, (3)
φ = φ0(r) = φ0 = const,
where M is black hole mass.
When the correction l2 = RijklR
ijkl − 4RijRij + R2 in (1) is taken into account
(which is the wellknown 4d curvature invariant named as Gauss-Bonnet term), the
corresponding solutions do not contain higher derivatives. It is necessary to emphasize
that the discussed black hole solution behavior strongly diers from usual Schwarzschild
one under the event horizon as it was shown in detail in Ref. [3]. When the metric (2)
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(4)
where  = b, h, s corresponds to the three string theory types considered in this paper:
bosonic (b), heterotic (h) and superstring II (s).
The basic Lagrangian does not contain higher derivatives,
Lb = Lh = L0(r, , σ, φ, 
0, φ0) + λLGB(r, , σ, φ, 0, φ0),
Ls = L0 = −








3L0 is simply the contribution resulting from General Relativity.
















































 , ζ(3) is Riemanian zeta-function, C1;2;3 are numerical coecients.
The influence of higher order curvature corrections to the behavior of spherically
symmetric static solutions was considered in [4]. In this paper, a perturbed solution
close the nonperturbed one was studied. It was obtained by a specially developed and
coded numerical iteration method. The only indenite point of the perturbed solution
occurred near the particular point rs (internal black hole singularity of a new type at
nite distance from the origin, provided by Gauss-Bonnet term, see Ref. [3]). If one
works in the frames of such an approach, the singular contribution disappears. From
a pure mathematical point of view, the solution tends to some particular branch that
begins from a particular manifold of initial conditions [6] with null measure. Even small
changes of initial conditions cause an appearance of a singular contribution that does
not vanish when ε ! 0.
It should also be pointed out that the zeroth measure of the initial conditions
manifold is not very realistic, especially when new observational results in cosmology
are considered. The highly probable existence of a global nonvanishing cosmological
constant  requires the extension for the manifold of initial conditions in string gravity
theories.
Finally, the main aim of this paper is to understand under which circumstances a
singular contribution is induced in three dierent 4d low energy string gravity models on
the Schwarzschild metric background when radial coordinate r is rather large. The paper
is organized as follows: In Section 2 we show some general mathematical considerations
of higher order singular corrections behavior, in Section 3 we apply these results to
bosonic, heterotic and superstring II (SUSY II) 4d low energy models, Section 4 contains
the SUSY II numerical investigations and Section 5 is conclusions one.
42. General theory of singular contributions
Models with corrections including higher order derivatives can be generically written as:
~L(t, x, _x, x¨) = L(t, x, _x) + ε2l(t, x, _x, x¨), (7)
where ε is an expansion parameter, t is real variable, x(t) is a smooth vector of n-
dimensional manifold and L, l are smooth functions.




































are symmetric matrixes of second order derivatives of L and l
(respectively) whereas ,  and Ψ are vector matrixes with second and third derivatives
of L and l (respectively).
Introducing the following change of variables: _x = y, x¨ = z, εx(3) = v and
considering the matrix @
2l
@x¨@x¨
as a nondegenerated one, we can write (8) in the form{
ε _v = F (t, x, y, z, ε), ε _z = v,
_y = z, _x = y.
(9)
where


































Ψ(t, x, y, z).
When ε = 0 the system (9) has a degenerated solution
0
X,
x = x0(t), y = y0(t), z = z0(t), v = v0(t)  0, (10)
which corresponds to the nonperturbed one of Euler-Lagrange equations (7) when the
initial conditions are x0(t0) = x0, y
0(t0) = y0. This means that the equations (9)
belong to A.N.Tikhonov’s class [7]. According to the related theorem, the closeness of
5perturbed and nonperturbed solutions can be obtained, with initial conditions in the
neighborhood of x0, y0, x








are negative. This matrix is calculated on nonperturbed solutions
0
X (10), I is identity
n n matrix.











Therefore, to provide the convergence of the perturbed solution to the nonperturbed
one, it is possible to require only Re(ω) = 0. This corresponds to the case when the
value
u(t)  0, (11)













We shall call u(t) the singular index. Eq. (12) is valid on the interval t 2 [t0, T ] where
the solution of nonperturbed problem exists when ε = 0.
It is important to emphasize that the condition (11) is not enough to ensure the
absence of any singular contribution to Eqs. (7), but when the condition (11) is broken









Switching to the string gravity perturbed Lagrangian
~L = L(r, , σ, φ, 0, φ0) + ε2 l(r, , σ, φ, 0, σ0, 00)
and taking into account that φ(r) is not perturbed, one can conclude that the condition
(11) on u(r) can be fullled if
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63. Singular indexes of low energy effective string gravity
To investigate the problem of singular contributions in string theory Lagrangians with
higher order curvature corrections in spherically symmetric space times ,it is necessary,
as a rst step, to apply the formulas (5) and (6) to determine the accurate form of the
main Lagrangian and higher order curvature corrections. The software packages from
MAPLE and REDUCE were specially developed and used to obtain the corresponding
singular indexes. With the help of Eq. (13) and after the substitution of Schwarzschild
























































Considering these asymptotical formulae, one can conclude that only SUSY II
does not induce any singular contribution to the solution in the neighborhood of the
Schwarzschild one , even for big r. To understand the perturbed solution behavior
in SUSY II case, it is necessary to perform a numerical investigation of this solution
dependence upon dierent sets of initial conditions 00(r0), 000(r0), σ0(r0), σ00(r0), that
are close to the corresponding Schwarzschild values 000(r) = −4M/r3, 0000 (r) = 12M/r4,
σ00(r) = σ
000
0 (r) = 0.
4. Results of numerical investigation of perturbed solutions in SUSY II
To investigate the dierence between the perturbed SUSY II solution and the
nonperturbed Schwarzschild one , we solved Eqs. (8) as the Cauchy problem starting
from initial point r0 using initial conditions from accurate Schwarzschild solution. A
7th order Runge-Kutta code was especially chosen for the integration of the resulting
7system. Some computing problems occurred in the range of big r0/M . For instance,
when λ = 0.1, M = 1 for r0 > 6 (we work in Planckian units) the system becomes so
rigid that it can not be solved. We could integrate these equations only in the range
that was situated up to the event horizon at r/M 2 [2.1, 5.2] and for M < 100, because
for higher mass values and higher r/M values local influence of the corrections became
so small that calculations stopped at the rst integration step.
For dierent values of r0, the dierence of (r), σ(r) and φ(r) from corresponding
Schwarzschild values with high accuracy (not less than integration method one) were
proportional to (r − r0)2, so,
δx = C(r − r0)2, (14)
where C is numerical coecient.
We investigated the dependence of C as a function of the initial integration point r0
and mass M when λ is xed and equal to 0.1y. So, the behavior of C(r0, M) is described
by the following t






It is important to emphasize that β(M) > 10 has very weak dependence upon M . For




15 4.39  10−8 13.81
50 3.29  10−12 13.81
100 1.49  10−14 13.92
Table 1. The dependence of the numerical t coecients of φ expansion α and β versus mass M
If one extrapolates formula (14) for δx (dierence between perturbed SUSY II
solution and nonperturbed Schwarzschild one) in the complete range of r/M 2 (2,1),
after obtaining the asymptotically flat solution (starting from r0 ! 1), one would
conclude (for the xed r and β from Table 1) that:
lim
r0!1












y The increasing of M when λ is xed is equivalent (up to dimensionality) to decreasing of λ when M
is xed
8Then it is possible to estimate δx(r) as
δx(r) < max
r02[r;1)




















If the value of parameter β does not dier apparently from those presented in Table 1




So, the value of the perturbation becomes zero when relative weight of higher order
corrections vanishes.
Finally, this, as it seems to the authors of the paper, means that the 4th order
curvature correction in SUSY II does not provide any appreciable dierences from the
Schwarzschild solution, at least up to the event horizon.
5. Conclusions
The singular contribution of the higher order curvature corrections in the low energy
limit of string gravity, in the frames of Lagrange approach, represents a problem that
can be avoided in two possible ways: i) to suggest additional principles for choosing
the special initial conditions for the higher derivatives, providing the closeness of the
perturbed solution to the nonperturbed one (at least for big r); ii) to use this as an
argument to understand (in the low energy range) which possible string gravity theory
Nature has chosen (i.e. which ensures naturally the expected vanishing).
Based on our preliminary results in the framework of models with higher order
curvature corrections made of pure Riemanian tensor products, it is reasonable to
assume that the only model that does not provide any singular contribution is the
SUSY II model. As next orders curvature corrections do not produce higher derivatives,
if singular contributions are absent in the 4th perturbation order, they will be absent
in all perturbative orders. It is impossible to draw more accurate conclusions in this
framework. Our results give hope that SUSY II model can be free from singular
contributions, at least in for spherically symmetric static space time.
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